This paper describes a graph-spectral method for 3 0 surface integration. The algorithm takes as its input a 2 0 field of surface normal estimates, delivered, for instance, by a shape-from-shading or shape-from-texture procedure.
Introduction
Surface integration is a process that provides the means of converting a dense field of 2D surface orientation data into an explicit 3D surface representation. This problem arises when attempting to infer explicit surface structure from the output of low-level vision modules such as shapefrom-shading and shape-from-texture [ 11. The process involves selecting a path through the surface normal locations. This may be done using either a curvature minimizing path or by advancing a wavefront from the occluding boundary. By traversing the path, the surface may be reconstructed by incrementing the height function using the known distance travelled and the local slope of the surface tangent plane. This is a matter of simple trigonometry.
The analysis of the literature on the topic is not a straightforward task. The reason for this is that surface recovery is frequently viewed as an integral part of the shape-from shading or shape-from-texture process. However, with this caveat in mind we briefly discus some of the available algorithms. In the original work on shape-from-shading by Horn and Brooks [2,3] the surface height recovery process is applied as a post-processing step. The process proceeds from the occluding boundary and involves incrementing the surface height by an amount determined by the distance traversed and the slope angle of the local tangent plane. In the level-set method of Kimmel, Bruckstein, Kimmia and Siddiqi [4, 51 surface reconstruction is incorporated as an integral component into the shape-from-shading process. They use the apparatus of level-set theory to simultaneously solve the image irradiance equation and recover the associated surface height-function under constraints provided by surface integrability. Other approaches for height recovery from shading include the surface height recovery method of Frankot and Chellappa [6] and the method of Leclerc and Bobick [7] , where the shape from shading is solved directly for the surface height using numerical methods. Tsai and Shah [SI have a fast surface height recovery method, which works well except at the locations of self-shadows and numerically singular points, while Bichsel and Pentland [9] developed a process that computes the relative height of the surface respect to the highest intensity point.
In this paper, we explore a different approach to the problem. Our aim is to borrow ideas from spectral graph theory.
Here it is well known that for a weighted graph whose adjacency matrix represents the transition probability matrix of a Markov chain, the leading eigenvector defines the steadystate walk on the graph. This property has been exploited in a number areas including routing theory and information retrieval. Here we aim to use it to find a curvature minimizing path across the field of available surface normals. We commence by constructing a transition probability matrix whose elements depend on the change of surface normal directions between locations. This quantity is proportional to the total curvature along the connecting path. The path defined by the magnitude order of the co-efficients of the leading eigenvector of this transition probability matrix is one which minimizes the total integrated curvature. We per-form surface height recovery by visiting the surface normals in the order defined by this path. As the path is traversed, then the height function is incremented by an amount determined by the slope of the local tangent plane.
The resulting surface height recovery algorithm clearly has several features in common with the graph-spectral methods used for image segmentation and perceptual grouping. One of the best known is the normalised cut method of Shi and Malik [lo] . Recently, Weiss [I 11 has shown how this, and other closely related methods, can be improved using a normalised affinity matrix. At higher level, both Sarkar and Boyer [ 121 and Perona and Freeman [ 131 have developed matrix factorisation methods for linesegment grouping. However, these methods all share the feature of using the eigenvectors of an affinity matrix to define groups or clusters or objects. Our method is more ambitious since it aims to use the magnitude order of the leading eigenvector to define an integration path. Hence, it aims to exploit the eigen-structure in a finer way.
The outline of this paper is follows. In Section 2, we present the differential geometry which underpins the construction of our curvature-based affinity matrix. Section 3 describes how the leading eigenvector of the affinity matrix can be used to construct an integration path. In Section 4 we descibe how patches can be extracted from the field of surface normals. Section 5 outlines the geometry necessary to reconstruct the height function of the surface from this path and the raw needle-map information. Experiments on real world image data and simulation data are described in Section 6. Finally, Section 7 offers some conclusions and suggests directions for future investigation.
GaussMaps
We are interested in surface height recovery. This is the process of reconstructing a surface from a field of surface normals or Gauss map. From a computational standpoint the aim is to find a path along which simple trigonometry may be applied to increment the estimated height function. Suppose that the field of surface normals are sampled from a surface S. Our aim here is to find a curve I? across the surface S that can be used as an integration path. Suppose
is the curvature of the curve I' at the point Q with parametric co-ordinate s. We seek the path I? that minimizes the total curvature Since we are dealing with surface normals, it is_natural to represent the surface S using the Gauss-map N (i.e. the field of unit surface normals for the surface S). Accordingly, and following do Carmo [14] , we let TQ(S) represent the tangent plane to the surface S at the point Q which belongs to the curve I?. To If the angle 8i,j is small, then we can write @ i , j = 1-fli.flj.
Moreover, the small angle approximation to the radius of curvature of the sphere is .R,,j = 2. Hence, we find that the cost associated with the step from the pixel i to the pixel j is (6)
The geometry outlined above is illustrated in Figure 1 a. In the next section of this paper we will show how spectral graph theory can be used to identify an integration path across the Gauss map. This treatment is based on the theory of Markov chains. Accordingly, we need to characterise the Gauss map in terms of a transition probability matrix. For the pixels indexed i and j we commence by computing the
where IC is a constant and JV'~ is the set of pixels-neighbours of the pixel i. Hence, the curvature weight is only nonzero if pixels abut one-another. From the curvature dependant weights, we construct a transition probability matrix in which the elements in each column sum to unity. The element in the row indexed i and column indexed j is
Random Walks and Markov Random Chains
In the previous section, we described how the differential geometry of the Gauss map of a surface (i.e. the field of surface normals) can be used to compute the curvature along a path on the surface. We further described how the Gauss map could be characterised using a path transition probability matrix. In this section, we describe how the leading eigenvector of this matrix can be used to determine an integration path.
The set of pixel sites can be viewed as a weighted graph G = (V, W, P) with index-set V and edge-set E =
The off-diagonal elements of the transition probability matrix P are the weights associated with the edges. In this paper, we exploit a graphspectral property of the transition matrix P to develop a surface height recovery method.
Consider a random walk on the graph G. The walk commences at the node j1 and proceeds via the sequence of edge-connected nodes S = jl, j,,j,, ... where (&,$-I) E E. Suppose that the transition probability associated with the move between the nodes jl and jm is Pl,,,. If the random walk can be represented by a Markov chain, then the probability of visiting the nodes in the sequence above is P , = P(j1)
Pjl+l,jl. This Markov chain can be represented using the transition probability matrix P whose element with row l and column m is Pi,m. The leading eigenvector of the transition probability matrix is the steady state of the Markov chain. For a proof of this result see the book by Varga [15] . As a result, if we visit the nodes of the graph in the order defined by the magnitudes of the co-efficients of the leading eigenvector of the transition probability matrix, then the path is the steady state Markov chain. In this paper we aim to perform surface height recovery by co-joining pixel sites pixel sites along the path specified by the magnitude order of the components of the leading eigenvector.
To find the leading eigenvector of the transition proba- 
Extracting Patches
In practice, the transition probability matrix P will have a strong block-structure, These blocks correspond to separate surface patches. To exploit this property, we have developed an iterative method for remmving blocsk from the transition matrix. We commence by constructing the matrix A(1) whose elements are defined as follows
The matrix A(1) is simply a thresholded version of the transition matrix P in which the vanishingly small elements are set to zero.
Our aim is identify groups of surface normals from a potentially noisy or ambiguous adjacency matrix A(1). Stated formally, suppose that in an image with an adjacency matrix A(1) there are m disjoint groups of surface normals. Each such group should appear as a sub-block of the matrix A(1). However, as a consequence of noise or errors in the shape-from-shading method which delivers the field of surface normals, these distinct groups or patches may be merged together. In other words, their corresponding subblocks are no longer disjoint.
Suppose that there are m distnct surface patches, each associated with an adjacency matrix Bi. If C represents a noise matrix, then the relationship between the observed transition matrix A(1) and the underlying block-structured transition matrix is B(l) is the block-diagonal matrix
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To recover the matrix B, we proceed as follows. First, we compute the leading eigenvector $7 of A(1). This is used to compute the integration path for the most significant surface patch. Once this first patch is to hand, then we set to zero the elements belonging to it in the adjaceny matrix to zero. The updated adjacency matrix is given by
We then compute the leading eigenvector 4; of the revised adjacency matrix A(') to locate the second most significant patch. We iterate this process until1 all of the elements of the adjacency matrix have been set to zero, i.e each of the patches has been detected.
Geometry
Our surface height recovery algorithm proceeds along the sequence of pixel sites defined by the order of the coefficinets of the leading eigenvector associated with the separate patches. For the kth patch, &he path is r k = (j: , J k , '2 jk, -3 ... .) where the order of the co-efficients of the leading eigenvector for this patch is such that & ( j i ) > q5z(ji) > + ; ( j i ) > ... etc. As we move from pixel-site to pixel-site defined by this path we increment the surface height-function. In this section, we describe the trigonometry of the height incrementation process.
At step n of the algorithm, we make a transition from the pixel with path-index jn-l to the pixel with path-index j , .
The distance between the pixel-centres associated with this transition is This distance together with the surface normals $in-1 and Nj,,-l at the two pixel-sites may be used to compute the change in surface height associated with the transition. The height increment is given by
4
If the height-function is initialised by setting zjo = 0, then the centre-height for the pixel with path-index j , is zjn+l = Zjn + hn (14) The geometry of this procedure is illustrated in Figure  Ib .
Once the surface normals that belong to the individual patches have been integrated together, then we merge them together to form a global surface. Suppose that s k is the integrated surface for the kth patch. We compute the mean height for the pixels belonging to this boundary. We merge the patches together by ensuring that abutting patches have the same mean boundary height.
Experiments
Our experimental evaluation of the new surface height recovery focusses on real-world imagery. Here we have applied our surface recovery method to needle-maps extracted from real-world data using the shape-from-shading algorithm of Worthington and Hancock [16] . It should be stressed, however, that the method can be used in any situation where surface-data is presented in the form of a field of surface normals projected onto a plane. Hence, it can also be used in conjunction with shape-from-texture and motion analysis.
In Figure 2 , we show our first example. The image used in this study is of a toy duck and has been taken from the COIL database. Here the top row, shows the raw image and the extracted field of surface normals. Various views from different directions of the reconstructed surface are shown in the second row. The main features to note here are the well-formed beak, the spherical shape of the head, the well-defined cusp between the head and body, and, the saddle structure near the tail. However, the method fails around wing detail. This is due to problems with the original needle-map delivered by the shape-from-shading algorithm, which has mistaken the convex wing as a concave object.
In the third row we show the integration path, i.e. the order of the components of the leading eigenvector, for each detected patch (for the last two images only the upper right corner detail is shown). These paths appear to follow the main height contours on the surface patches. Finally, the bottom row shows the different patches extracted from the needle-map obtained by sequentially removing the leading eigenvectors of the affinity matrix as outlined in Section 4. The main patches correspond to the head, the beak, the body, the wing and the tail. Figure 3 repeats this sequence of images for a synthetic image of a volcano. Here the method deals well with the transitions from convex to concave regions. Hence the "caldera" is well located.
The third example is shown in Figure 4 . This is a detail from a porcellain urn. Here both the convexities and concavities on the surface are well reconstructed. The principal surface patches correspond to the handle of the urn, the lower "bulge" and the cylindrical body of the urn. In addition, some of the ribbed detail on the surface of the urn is recovered.
The final example is provided in Figure 6 which shows the results obtained with an image of a wooden block taken from the COIL database. Here the cylindrical structure of the handle of the block is well recovered . The two planar faces of the block are well detected. However, the angle between the faces is somewhat greater than 90 degrees.
There are also problems with the planae faces where there is noise in the surface normal directions. However, the method copes well the depth discontinuity between the rectangular block and the cylindrical handle.
In Table 1 for the data described above, we list the image size, the number of patches extracted and the fraction of reconstruction errors. The reconstruction errors are identified by visual inspection of the recovered surface. The errors may be due to artificial height discontinuities or locations where the surface becomes inverted (i.e. concave regions become convex, or vice versa). From the table, it is clear that only about 7-10% of the surface area of the objects studied is affected by such errors. In the case of the toy duck, the errors are dominated by the inversion of the wing.
Finally, we have compared our algorithm to the Bichsel and Pentland approach for height recovery [9] . This is a local scheme which, from the comparative survey of Zhang et a1 [ 171, appears to perform well on a wide variety of images. This local technique implicitly recovers a surface. Hence, comparison upon the basis of surface reconstruction is possible without introducing additional errors.
We show two views of the reconstructed surfaces in each row of Figure 6 for the real world images in Figures 2-5 . Qualitatively, the most interesting point of comparison between methods is the ability to recover discontinuities and the degree of distortion and oversmoothing. In Figure 6 the duck appears to be better reconstructed. However, the volcano is distorted and a singular point has been added. The handle has been distorted and oversmoothed, while the depth discontinuity between the rectangular block and the cylindrical handle of the block is not well recovered.
A more quantitative analysis is presented in Table 2 . We list the image dimensions and the percentage of reconstruction errors for the respective surfaces. In contrast to our algorithm, error rates are as high as 48% and never less than 6%.
Conclusions
In this paper, we have described a new surface height recovery algorithm. The method commences from a surface characterisation which is based on an affinity matrix. The elements of this matrix are related to path curvature and are computed from the difference in surface normal direction. Based on the theory of Markov chains, we use the leading eigenvector of the affinity matrix to define an integration path. By traversing this path and applying some simple trigonometry we reconstruct the surface height function. Experiments on real world data reveal that the method is able to reconstruct quite complex surfaces. Noise sensitivity experiments on simulated data, show that the method is capable of accurate surface reconstruction.
Our future plans involve developing the work described here in two different directions. First, we intend to investigate the use of different affinity matrix representations. Here we will use Gaussian curvature as an alternative to path curvature. Second, we intend to extend our method to the integration of 3D surface normal data.
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